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The method of asymptotic partial decomposition of a domain aims at
replacing a 3D or 2D problem by a hybrid problem 3D — 1D; or 2D — 1D,
where the dimension of the problem decreases in part of the domain.
The location of the junction between the heterogeneous problems is
asymptotically estimated in certain circumstances, but for numerical
simulations it is important to be able to determine the location of the
junction accurately. In this article, by reformulating the problem in a mixed
formulation context and by using an a posteriori error estimate, we propose
an indicator of the error due to a wrong position of the junction.
Minimizing this indicator allows us to determine accurately the location of
the junction. Some numerical results are presented for a toy problem.

Keywords: asymptotic partial domain decomposition; a posteriori error
estimates; error indicator

AMS Subject Classifications: 35F40; 65

1. Introduction

The method of asymptotic partial decomposition of a domain (MAPDD) originates
from the works of Panasenko [1]. The idea is to replace an original 3D or 2D
problem by a hybrid one 3D — 1D; or 2D — 1D, where the dimension of the problem
decreases in part of the domain. Effective solution methods for the resulting hybrid
problem have recently become available for several systems (linear/nonlinear, fluid/
solid, etc.) which allow for each subproblem to be computed with an independent
black-box code [2-4]. The location of the junction between the heterogencous
problems is asymptotically estimated in the works of Panasenko [5]. MAPDD has
been designed for handling problems where a small parameter appears, and provides
a series expansion of the solution with solutions of simplified problems with respect
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to this small parameter. In the problem considered here, no small parameter exists,
but due to geometrical considerations concerning the domain €2 it is assumed that the
solution does not differ very much from a function which depends only on one
variable in a part of the domain. The MAPDD theory is not suited for such a
context, but if this theory is applied formally it does not provide any error estimate.
The a posteriori error estimate proved in this article, is able to measure the
discrepancy between the exact solution and the hybrid solution which corresponds to
the zero-order term in the series expansion with respect to a small parameter when
it exists.

Numerically, independently of the existence of an asymptotical estimate of the
location of the junction, it is essential to detect with accuracy the location of the
junction. Let us also mention the interest of locating with accuracy the position of
the junction in blood flows simulations [6]. Here the method proposed is to
determine the location of the junction (i.e. the location of the boundary I' in the
example treated) by using optimization techniques. First it is shown that
MAPDD can be expressed with a mixed domain decomposition formulation
(as in [5,7-12]) in two different ways. Then it is proposed to use an a posteriori error
estimate for locating the best position of the junction. A posteriori error estimates
have been extensively used in optimization problems, the reader is referred to,
e.g. [8,9].

In the following, the toy problem for which the method is presented is given, and
the introduction section is ended with the mixed formulation of the domain
decomposition of the problem. Section 2 is dedicated to the two asymptotic
decompositions proposed for a given location of the interface I'. One
asymptotic decomposition is based on a particular mortar subspace (the constant
functions on I'), and the other one is based on coupling a partial differential equation
(PDE) with an ordinary differential equation (ODE). In Section 3, a posteriori error
estimates are given and an indicator is proposed. In Section 4, the optimal location of
the junction is found by minimizing the indicator. Numerical results are provided
showing the efficiency of the proposed method.

Let /' be a regular function defined by

X1, X2), 0<x <a,
fxnx) = {f.‘(“ wh U=nea (1)
Sa(x1), a<x<l.
The domain 2 =(0,1) x (0, 1) is decomposed in two subdomains ;= (0, a) x (0, 1)
and 2, =(a, 1) x (0, 1), the boundary I' = Q; N Q,, and the boundary 3 are divided
into four subparts y; ={0} x (0,1) y,=(0,1) x {0} y3={1} x(0,1) y4=(0,1) x {1}.

X2
A
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Let Ue HZ(Q) be the solution to:
—AU(x1,x2) = f(x1,x2),  in Q,
03, U=0, onyy; 1 <i<2;
U=0, onyy;1=<i<2

2

Now let us give a formulation of the problem in the domain decomposition context

with a L?-mortar subspace. We define the following functional spaces:

oH'(Q1) = {pe H(Q), ¢l,, =0},

oH' () = {p e H'(Q2). ¢l,, =0}

V=0 H'(Q) xo H(Q),

W =y H' (1) xo H' () N {D2¢|g, = 0},
A = LX),

equipped with the norms

2
M=) / V- Viidxdx, - [513 = / & da.
i=1 < r

Let us define (u1,u», 1) € V' x A solution to

2 2
Z/ Vu; - Vvidx; dx, + / A(vp — m)dx, = Z/ fridx;dx;, VYvelV
i=1 Y r i=1 /<

/E(ul —u)dx; =0, VEE€A.
r

Introduce the following bilinear forms:

a:VxV—R

2
u, vi— a(u,v) = Z/ Vu;Vv;dx;dxs,,
i=1 Y
b:AxV—R
v biE) = [ 501 = ).
r

We have the following result.

(©)

4)

(©)

Lemma 1.1 Assume f'e€ LX) then, there exists a unique (uy, up, A) € Vx A solution

to problem (5). Moreover, we have u; = Ulg, for 1 <i<2.
Proof Let K be the closed subset of space } defined by

K={veV;vi—wn|reAt}).

The existence result is a consequence of the following inf-sup condition: there exists

0 < B such that

. a(w,v) + b(u,v) + b(E,w
. 00,9) + b, ¥) + bE.w) _
(w.10) € KXA (3, 8):£(0,0) € Vs A €A + IV

B.

(6)
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To see this, take (w, u) € K x A with |w|; + ||ulla =1 and choose v=w + w; with w,

solution to
—Awi(x1,x2) =0, in Qy, ™
0w = u, on I"'and w; =0, on aQ\T.

Let us decompose the space V: K@ K+ = V where the orthogonality is defined with

the inner product induced by a(., .). We have (w;,0) € K™ since assuming (w,0) € K

leads to wq| =0 which combined with the first equation of (7) would lead to w; =0.
For all V] € Hl(Ql), V1 |3§21\1": 0

/ Vw1Vv1dx:/uv1de
ol r

and the following estimate holds true:

[wil; = sup /leVvldxz sup //LV]dXz,
v e HI(Q)) J 9 v e H(Q) JT
vilag \r=0 vilag\r=0

Iwily < eallmllor- (®)

Since the space I%(F) ={pe H%(F) the extension of which by 0 belongs to H%(ale)}
is densely embedded in L*(I"), there exists ji, € H%(I‘): verifying:

le — wellor < e

We choose ¢ such that:

1
[wil; = sup / pevi +vi(u — pe)dxa > (lielly — &)* — (lullo + e)e > 3 [l
v eH(Q)JT
vilag\r=0

So the following quantity

a(w, v) + b(u, v) + b(&, w)
1= sup
(10,0 € V'x A A + V]

with &€ = and estimate (8) verifies the following estimate

LIwl =+ llllg 1 s, 1
> — > f >—— =8
~ 2 max(l,¢) T 2max(l, ) ,g}:)r}lv;g[x +rlz 4 max(1, ) p

Now we integrate by parts in the bilinear form «a(-, -). Choosing v; € D(R2;), we
deduce V(u; — U)lg, = 0. Thanks to Dirichlet’s conditions we have: u; — Ulg, = 0.

Choose v; € D(Q)); vi|,,, =0; 1 <i<2. Integrating by parts in the bilinear form
a(-, -) we have:

|J/2f

/ O U1 V1 + Oy ttav2 + A(vi — v2)dx, = 0. 9)
r

Taking v; =0 we have 9,,u» = A in LZ(F) and for v, =0 we have 9,,u; = —1 in Lz(F).
The conditions are expressed in L’ since, u; € H2(S2,-), 1<i<?2.
Since b(&, u) =0 for all £ e LX(T'), we deduce that u; =u, on T. |
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2. Asymptotic domain decomposition

In this section, we propose two approximate domain decomposition problems by
using different mortar subspaces or different spaces for the solution. Let
Ag=span{l} and let us define (i}, I, Ag) € V" x A( solution of

2
a(it, v) + b(rg,v) = Z/ fridxidx,, VYveV,
i=1 Y%

b(E, i) =0, VEeE A,.

(10)

LemmA 2.1 Assume fe€ L2(S2), then, there exists a unique (ily,1, Ao) €V X Ag
solution to problem (10). Moreover, we have

. U - 1 .
Bnlul = —3,,2142, mn LZ(F), u2|1~ = ﬁf uy dX2.
r

Proof  The existence result is a consequence of the inf-sup condition, which is
proved in the same way as in Lemma 1.1 with w; = cx;, and

AOl ={pe L}); / @(x2)dxs = 0} = (w;,0) e K.
r
Integrating by parts in (10), thus, since i7; € H*(2;), we have

O, U2 [r = Ao € Ao.

Take v, =0, whatever v, is:

fr(amﬁl + Ap)vidxa =0 = 0y,u + A0 =01n I:I%(F)/ = 0y U1 = —Xo.

Now, let us prove that 7€ W. Since A is constant, it is easy to prove that (x;)
solution to

{ —i5(x1) = fa(x1), ina<x; <1,
ih(x1) = ro,  d2(1) =0,

is the unique solution #, in the domain 5.
The condition b(1, 1) =0 implies u; = %fr 1) dxs. [ |

Remark I The previous result provides a justification for coupling an ODE with a
PDE in some circumstances which can also be justified with asymptotic
developments.

Now, set A,=L*T) as mortar subspace, and let us define (0, 0y, A2) € W x A,
solution to

2
a(it, v) 4+ b(ra, v) = Z/va,-dxldxz, YreV, an

b(E, D) =0, VEeE A
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LEmMA 2.2 Assume fe Lz(Q), then, there exists a unique (i, th, A)€ W x A>
solution to problem (11). Moreover, we have

. 1 N A A
O,y = ——/ 3y iy dxs @y = 1, in LX(D).
Il Jr

Proof  The space W is a closed subspace of V' thus the existence is proved in the
same way as in the previous lemma. The identity (9) with v; =0 reads: for every
v, € LX(T)

/(8,12122 — )»z)VdeQ = O (]2)
r

Since 3,1 — A2 € Ay we conclude that 9,7, = A,. Take v, =0, for every v, € LX),
identity (9) reads:

/(&nﬁl + )vdx, =0 = 8,7]1:[1 = —Ay, In As. (13)
r

Since i, € W, the relation (12) reads: d,ur = —ﬁ fr 9y, 111 dxp. The condition
b(&,11) =0 for every & € A, implies i, = ;. |

3. A posteriori error estimates

In this section an a posteriori error estimate is derived for the error between the exact
solution of the domain decomposition formulation of the problem, and the
approximate solution by using a mortar subspace.

Let us define the operator

T: VxLX()— V' x LAT) by

(T(w, ro), (v, §)) = a(i, v) + b(ko, v) + b(&, u).
Define the error e by
e=(u—u,x—Xp). (14)

In what follows, an indicator for the error is proposed.
The error equation reads:

(Te, (v,&)) = a((u — 1), v) + b(A — Ay, v) + b(&, u — 1)
= —/I:(a,,lﬁﬂ)] + anzflz\/zd)(z — /F)L()(V] — V2)dX2 — /rf(ﬁl — ) dx,
= Efﬁ,)uo(v’ ‘i:) (15)

LemMA 3.1 Assume fe L*(Q), then, the following estimate holds true.

1Lt Il

< el < ILas I 1T 2, (16)
T,
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with
- 1 -
I1La, 3l = Nty ) dxallo,r,
r
1
o (17
B=ITlz N7 =~
B
Proof We have to evaluate:
a(u — i, v) + b(h — ko, v) + b(&, u — 1)
1 £ille = sup .
ko (& eVxA Ello.r + V] (18)
(H#00)
Observe that by integrating by parts in the bilinear form a(:, -), we have
a(u —u,v) = —/ O U1V + Oy o Vodxy — / A(vy — v)dx,.
r r
Gathering (18) with the previous inf-sup condition, we deduce
1 — fl“ 8,1] uv, + 8n21/72V2dX2 + b(—)x(), V) + b(E, u— I])
lell <— sup ) (19)
(16 eVxA IEllo.r + vy
(v.6)#(0.0)

which proves the bound from above in (16). Accounting for the relation between
Oy, U1,0p, 11> and A given in Lemma 2.1 we have:

1 [ &G — i) d
llell < = sup er(ul uZ) 2%)

T Bu.gevxa  NElor + Vi
(v.£)7#(0,0)

and finally

1 1 1
lell <~ — isllor = |l ——/al dxalor (20)
ﬂ 1 210,10 /3 1 |F| - 0,r

Now, let us consider the second case where fe L*(Q) and the mortar subspace is
A= L*I). Starting from the inequality (19) accounting for results of Lemma 2.2
arguing in the same way as before, we get the following indicator:

1
B

1 . . . 1 N
llell < Z 191 + nyitallo,r = 2 19n 1 — — [ B indxallor- @
B IC1Jr

4. Optimization with respect to the location of I"

Let a denote the position of the boundary I'. Due to relation (20), the proposed
strategy is to minimize the functional J(a) with respect to a defined by

- 1 -
J(a) = |lir(a, x2) — ﬁ/ ity (@, x2) dx |G -
al JT,
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The algorithm of minimization we propose is a simple descent algorithm. Let ay and
Tol be fixed.

(1) evaluate the derivative DJ(a,)

(2) if |DJ(a,)| <Tol stop and if not

(3) a,.1=a,—06 DJ(a,) where 0 is a fixed positive number.
(4) n=n+1 return to the beginning.

Now we evaluate numerically the derivative with respect to the location of the
boundary I'. To compute DJ(a,) define:

1
1, x2) = iiy(a x2) — / i (s x2)dvs.
0

Observe that

J(a) = (I(a, x2), L(a, x2)) (),

its derivative DJ(a) = 2(%),1(61, X2) 2y Where:

ou

ol il " it
%(a, X)) = %(a, X3) — /0 8al (a, x2)dx;.

To compute the derivative of i, with respect to 0 < a < 1, the location of T', we use
the following change of geometry which consists in mapping the domain Q with a
moving boundary I', onto a domain with a fixed boundary I'; . Thus the change of
geometry will yield a change in coefficients of PDEs. Define the transformation 7 by

[0,1] x [0,1] — [0, 1] x [0, 1],
(z,x2) — (x1,x) =(T(z,a) = (2 — 4a)z2 + (4a — 1)z, x»),

thus the segment T'; is mapped to I',. The unknown v is defined by ¥=UoT.
Equation (2) becomes:

3 3,

—D.T.D* y — (D.T) .Dimw + D2.T.D.y = (D.T) f(T, x2),
W =0o0nyy; 1 <i<2, (22)
Y=0o0ny,_1; 1 <i<2.

A variational formulation for the decomposed domain problem corresponding

to the problem (22) with a mortar subspace A, is: €7 = (0, %) x (0,1) and

QZ = (%9 1) X (09 1):

2

2
Z/ c(z).Vtﬂ,.Vvidxlde+22/ DgZT.DZ&[.vidxldxz
i=1 /<% i=1 /<%

2
—l—f A(vy —vy)dxy = Z/ (DZD3.ﬁ(T, X2).vidxidx,, VvelV (23)
T, i=1 Y

/ £ —Yn)dxa =0, Vi€ Ay,
I
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where ¢ is 2 x 2 diagonal matrix such as ¢;;=D.T and ¢y = (DZT)3. Now we
calculate the derivative of the indicator J(«) with respect to a with function :

1 1
DJ(a) = 2/0 <121(a, X2) — /0 uy(a, x») dxz) %(a, x3)dx;,

1 1 1
DJ(a) =2 / [ﬁfl — / \illdx2j| : [\izla— / \iladxz}dxz,
0 0 0

where U;, denotes the derivative with respect to a of function U, for 1 <i<2. In the
case where f€ L*(Q2) and A, = L*(I") we use the indicator given in (21), we have:

therefore,

1 1
Ja) = f (O (2, %2) — f o (4, x2)d2)2d s, (24)
0 0

1 1 1
DJ(a) =2 / [ax,\ifl — / axl\i’ldxz)] [axlﬁqa— / 8xl\i'1udx2):|dx2, (25)
0 0 0

where \iJ,-t, is the derivative of \iJ,- with respect to the variable a. Taking the derivative
of the first equation of (22) with respect to the variable a we have:

-D.T-D?

azz

V—(D.T)-D} W+D2T-D2W=D>T -D>W+3D> -(D.T) D> W

axsxp az X2X2
—D}.T-D.W+3D..T-(D.T)*-f(T.x2)+ D, T(D-T)" - Dy, (T, x2). (26)

azz

Defining ¥, = D,V Equation (26) becomes:
—D.T-D.W,—(D-T)*- D2 W, +D.T-D.W,=D>.T-D2W+3D2T-(D-T) - D W
=D} T-D.¥+3DLT-(D.1)-f(T,x2) + Do T(D-T)* - Dy /(T x2),

an\pa = 09 on y»;; 1 =< i =< 2a
W, =0,0nyy_1; 1 <i<2.

@7
A variational formulation for problem (27) in decomposed domain setting is:
2 ~ ~
Zf (c(2)ViaVvi + 2D TD . Yr;vi)dx dxs +/ A(vy —v2)dxy
i=1 Qi ra
2 ~ ~
=> / (—ca(2)VPiVv; — 2D3_TD_yv;)dxdx,
i=1 Y (28)

2
+y / [BD2.T(D.T)? + D,T(D-TY’ D1 f(T, x2).vidx1dxs,  VveV,
i=1 Y

/125(1&144 —Yna)dxa =0, VEe A,

where ¢, is a 2 x 2 diagonal matrix such as ¢, = —D2. T and ¢,y = —3D2. T(D.T)*.
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Now this section is ended with some numerical examples. Let U be defined by

3
xl[(xl—%) -(xz—x§)2+(1—x1)2], 0<x S%,
U(Xl,XZ) = (29)

1
xi(1 = x1)%, y=u sl

and function f by

-3 323
(121 — 2)x} + (=181 + 3)x3 + (+9r - 12z2)x% + <9z2 —Zr- >x1

2 2 4
_ 3, 1
Jrnx) =3 —Z24+4, 0<x <=,
2 2
1
—6x1 +4, §<<xl<1,

(30)
with 1 = (x, — x%)z. It is straightforward to check that U solves

—AU(x1,x2) = f(x1,x2), in L,
8I’IU:09 on y»;, 151523 (31)
U=0, ony 1, 1<i<2.

Observe that U solves a domain decomposition formulation with an interface I’
i

located at a = 3.

Let us define V), (respectively, W},) as the space that approximates V' (respectively,
W) with a triangular Lagrange finite element method of order one. The maximum
size of triangle’s diameter is 7= 10"". The space A,, consists of the traces of space V),

on the interface I',. Let (up, An)) € V) x Ay, be the solution to

2 2
Z/ Vu;, Vv, dx;dx; + / Ap(vy, — v,)dxy = Zf fvi, dxidxa, Vv, eV,
sz,- r = Jo

s
/ En(u, —up,)dxo =0, V& €A,
r
(32)

Figure 1 shows the error between U and uy,.

The discontinuity of the error through I' is due to the discontinuity of the
approximate solution through I'.

Now let us define (17, Ao)) € Vj, x {C™"} be solution to

2 2
Z/ Vi, Vv, dx;dx, + / Ao(vy, — va,)dxy = 2/ fv[,l dxidx,, Vv, eV,
i=1 /S r i=1 /i
/ %'(121,1 — ljlzh)dXQ = 0, VEG {CSt}.
r
(33)

Figure 2 shows the error between the exact solution and the solution to the domain
decomposition problem (33) for four locations of I',.
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Figure 1. Error function.

a=1/4
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Figure 2. Error distribution for four locations of T',.
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DB T T T T T T T T T

err

0 0.1 02 03 04 05 06 07 08 09 1

Figure 3. Indicator for mortar subspace Ag.

Define the indicator by
- 1 -
J(a) = |y, (a, x2) — —/ i, (@, x2) dxIg -
Tyl Jr, ’

Problem (28) is approximated in V), x {C*'}, then J(a) is computable whatever « is.
In Figure 3, the curve a — J(a) is presented.

Algorithm (1)—(4) has been implemented, and the derivative DJ(a,) has been
computed by solving problem (28) approximated with a triangular Lagrange finite
element method of order one. Figures 4 and 5 show convergence curves for starting
points ao=0.35 and aq=0.65 with a mortar subspace Aj.

Let fe L*(Q) and (@i, A2) € W), x A», be solution to

2 2
Z/ Vﬁ,,,Vv[,, dx;dx, + / )»2(111/, — Vz,})dXz = Z/ fV,‘h dX]dXz, Vv, € W,
i=1 VS r i=1 /S

[ gt~ imydx =0, veens,
r
(34)

Figure 6 shows the error between the exact solution and the approached solution.
Define the indicator by

2

1 1
J(a) :/ (8,,1L?1,1(a, XQ)—/ O, 111, (a, xz)dxz) dx;. (35)
0 0

Figure 7 shows this indicator plotted as function of the location of the interface.
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Figure 4. Indicator as function of location of the interface (left) and position of the interface
as function of iterations (right).
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Figure 5. Indicator as function of location of the interface (left) and location as function of
iterations (right).
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Figure 6. Error with a mortar subspace A,.



Downloaded by [Jér6me Pousin] at 01:49 04 December 2012

14 G.C. Buscaglia et al.

1.4 T T T T T T T T T
1.2F B
1k 4
0BF e
w
0B -
04t .
02F B
D 1 1 1 1 1
0 0.1 0.2 0.3 04 05 06 07 pg 09 1
a
Figure 7. Error evaluation in case A,.
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Figure 8. Indicator as function of location (left) and position of the interface as function of
iterations (right).

Proceeding in the same way as before, Figure 8 shows the indicator
represented as function of the position of the interface for a starting posi-
tion ay=0.35, and the location of the interface is described as function of the
iterations.
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Table 1. Location indicator and mesh error indicator for two meshes.
Location Minimum error Maximum error
h a indicator indicator mesh indicator mesh
107" 0.45 0.0064 0.0064 0.0308
0.40 0.0139 0.0051 0.0243
0.35 0.0258 0.0021 0.0254
5% 1072 0.45 0.0064 0.0013 0.0082
0.40 0.0140 0.0012 0.0065
0.35 0.0265 0.00041539 0.0069

Figure 9. Mesh of domain ;.

Let us conclude this article with some computational considerations.

The proposed indicator is computed only with uy, , the approximate solution
in domain Q.

When dealing with a 2D or 3D domain 2; linked to 1D domains, that is to
say when considering a PDE linked with ODEs, one can increase the
accuracy by either expanding the PDE domain (inherently more accurate
than the 1D domains, in general) or by refining the mesh in Q,. A crucial
question is which of these alternatives is most cost effective. The answer is
quite simple. By using your favourite indicator of the mesh error, compare it
with the indicators of the location error proposed in this article. Then you
are able to decide whether you should refine the mesh or you should move
the interfaces. Assume for example that for problem 33 an accuracy of 1072
is required. Let us start with an interface located at «=0.35 and with a
size of mesh of 10~'. Computing the indicator of the location error we
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Figure 10. Refined mesh of domain ;.

get 0.0258, and the indicator of the mesh error is valued between 0.0034 and
0.024 (Table 1). Thus the interface is moved to ¢ =0.4 in order to enlarge the
size of the domain €2;. The indicator of the location error becomes 0.0139,
and the indicator of the mesh error is valued between 0.0051 and 0.0243.
The mesh is then refined in the domain §2; with a mesh size of 5 x 1072 and
the indicator of the mesh error is valued between 0.0012 and 0.0065. The
interface is now moved to a=0.45, the indicator of the location error
becomes 0.0064. Figure 9 shows the mesh of domain €;. The mesh
refinement strategy is quite crude (Figure 10), since the mesh is uniformly
refined.

e Observe that whatever the values of the indicator of the mesh error is, it is
possible to reach the optimal location of the interface.
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